Center-based Clustering

2-approximation for k-center clustering
5-approximation for k-median clustering
k-means clustering
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metric space: pair (X, d) with X aset,andd: X x X — |0, co) satisfying

d(x,y) = 0ifand only if x = v, Y
d(z,y) = d(y, z), d(z,y) ~*
d(x,z) < d(x,y) + d(y, z). (triangle inequality) o d(z, 2)

d(y, z)
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examples:

R? with Euclidean distance
Graph with shortest-path distance K k‘
curves with Fréchet distance \

notation: d(p, C') := min,ec d(p, q)
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k-center clustering in metric space (X, d)

Given: P C X and integer £

Goal: Find C' C X of size k such that >/ \‘ k=2

mMaXpc p d(p7 C)

IS minimized.

discrete k-center problem: C C P

later:
(discrete) k-median problem: sum instead of max
k-means: sum of squares
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Approximation factor

GreedyKCenter(P, k) computes a 2-approximation for k-center clustering.

("1 an optimal solution with OPT := max,cp d(p, C™) ¢ S C3
Cr = {ci1,...,cr} computed solution “le -
Ci+1: point maximizing d(cg+1,Cr) =: 7 * -
fore < 3: .« 2 e O ’
d(Cj, Cz') > d(Cj, Cj_l) > d(Ck_|_1, Cj_l) > d(Ck_H, Ck) — T : C2
k=4

pigeonhole principle:
dc;, ¢ in the same cluster of C'™; 0 := corresponding center

triangle inequality:
r <d(cj,c) < d(cj,o)+d(o,c;) <20PT



The proof that GreedyKCenter gives a 2-approximation works . . .

only in R? with Euclidean distance

in R? but only with Euclidean distance
In any metric space



The proof that GreedyKCenter gives a 2-approximation works . . .

only in R? with Euclidean distance

in R? but only with Euclidean distance
In any metric space

since it only uses the triangle inequality



The proof that GreedyKCenter gives a 2-approximation works . . .

only in R? with Euclidean distance

in R? but only with Euclidean distance
In any metric space

since it only uses the triangle inequality

When £ is part of the input, the k-center problem is
NP-hard to approximate within a factor

2 — € for general metric spaces



The proof that GreedyKCenter gives a 2-approximation works . . .

only in R? with Euclidean distance

in R? but only with Euclidean distance
In any metric space

since it only uses the triangle inequality
When £ is part of the input, the k-center problem is
NP-hard to approximate within a factor

2 — € for general metric spaces
1.82 for R? with Euclidean distance



The proof that GreedyKCenter gives a 2-approximation works . . .

only in R? with Euclidean distance

in R? but only with Euclidean distance
In any metric space

since it only uses the triangle inequality

When £ is part of the input, the k-center problem is
NP-hard to approximate within a factor

2 — € for general metric spaces

1.82 for R? with Euclidean distance

2 — ¢ for R? with L1- or L.- distance
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ZpEP d(p7 C)
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GreedyKCenter for £-median?

Use 2-approximation for k-center clustering (?) on n points

maxpep d(p, C) < ZpEP d(p,C) < ZpEP NaXpep = T - INAXpe p

This means:
optimal solution to k-center clustering is n-approximation for £-median

2-approximation for k-center clustering is 2n-approximation for k-median

We can do better with local search!
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LocalSearchKMedian(FP, k)

1: C' < GreedyKCenter(P, k)

2: while dp € P\ C, ¢ € U's.t. replacing c by pin C'reduces »  p d(p, C)
by factor 1 — 7
—»3 O+ CUA{p}\{c}

4: return C
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Running time

Try swapping every p € P \ cwith every c € C"
O(nk) possibile swaps

computing ), p d(p, C U{p} \ {c}: O(nk) time
time per iteration of while-loop: O((nk)?)

initialCost <
optimalCost —

number of iterations: log; ;(; _ ) log; /(1—7)2n  (from 2n-approx.)

Can be simplified to O(*28™)  [without proof but elementary maths]

T
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Warning: proof tedious (but fun (?) and insightful)

I will sketch the core ideas

[ will show: if we replace until no improvement (aka: ignore 7),
we get 5-approximation



Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median

Notation;
" computed centers, C* opt. centers

Ap = d(p, C), Op := d(p,C™)

v(p) = centerof p € C', v"(p) same in C*
N (c) : clusterof c € C, N*(c") likewise




Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median

simple case: for aII 0,0 € C*: Notation:
0# 0 — (o 0/) C': computed centers, C™ opt. centers
R Ap :=d(p,C), Op :=d(p,C™)
I I I I 17 v(p) = centerof p € C, v"(p) same in C*
N (c) : clusterof c € C, N*(c") likewise
m s m  --m m O



Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median

. / * .
simple case: for allo,0" € C™: Notation:
C': computed centers, C'™ opt. centers

Ap = d(p, C), Op := d(p,C™)

o#aﬂ £ (o)

K N (c) : clusterof c € C, N*(c") likewise

L AL e

Idea: for o € C* consider C' := C' 4+ 0 — v(0)

. °
I I I I v(p) = center of p € C, v*(p) same in C*



Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median
simple case: for all 0,0’ € C*:

Notation:
O 7é o' — 7 V(O/) C': computed centers, C'™ opt. centers
Ce ® Ap = d(p, C), Op : = d(p7 C*)
v(p) = centerof p € C, v (p) samein C”
I I I I ! N(c) : clusterof c € C', N*(c") likewise

. om - m O
Idea: for o € C* consider C' := C' 4+ 0 — v(0)
0 < cost(C + o — (o)) — cost(C)



Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median
simple case: for all 0,0’ € C*:

Notation:
O 7é o' — 7 V(O/) C': computed centers, C'™ opt. centers
Ce ® Ap = d(p, C), Op : = d(p7 C*)
v(p) = centerof p € C, v (p) samein C”
I I I I ! N(c) : clusterof c € C', N*(c") likewise

= m ---m m CF
Idea: for o € C* consider C' := C' 4+ 0 — v(0)

0 < cost(C' 4+ o — ~y(0)) — cost(C)
< ZPGN*(O)(Op — Ap) + ZqEN(fy(o))(d(Q7 7(v"(q))) — Aq)



Approximation factor
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Notation:
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Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median

. / * .
simple case: for allo,0" € C™: Notation:
C': computed centers, C'™ opt. centers

Ap = d(p, C), Op := d(p,C™)

o#aﬂ £ (o)

. °
- v(p) = centerof p € C, v"(p) same in C*
7 N (c) : clusterof c € C, N*(c") likewise
- . m O

Idea: for o € C* consider C' := C' 4+ 0 — v(0)
0 < cost(C' 4+ o — ~y(0)) — cost(C)
< ZPGN*(O)(OP — Ap) + quN(y(o))(d(qa’Y(’Y*(Q))) — Aq)
d(p,C") < bound cost for ¢ € N(v(0)) \ N*(o)

d(p,0) = Op  bytaking d(q,v(v"(q)))



Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median

simple case: for all 0,0’ € C*:
/

Notation;

O 7é o' — (o) # (o) C': computed centers, C'™ opt. centers
Ap :=d(p,C), Op :=d(p,C™)

. °
- v(p) = centerof p € C, v"(p) same in C*
7 N (c) : clusterof c € C, N*(c") likewise
- . m O

Idea: for o € C* consider C' := C' 4+ 0 — v(0)

0 < cost(C' 4+ o — ~y(0)) — cost(C)
< ZpeN*(o)(Op — Ap) zqu(y(o))(d(qa’Y(’Y* (9))) — Ad)

by triangle ineq. (proof later): < ZqEN(’y(o)) 20
By doing this for all o € C™ and summing: Y~ A, < 3> O,
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Approximation factor

LocalSearchKMedian(P, k): (5 + €) - approximation for discrete k-median

. , / .
simple case: for allo,0" € C*: Notation:

07 0 — (o) # (o) C': computed centers, C'* opt. centers
e o0 -0 o C Ap :=d(p,C), Op :=d(p,C")

‘d| v(p) = centerof p € C', v"(p) same in C*
I J I I IW N (c) : cluster of c € C, N*(c") likewise
m mm  --mm (7
proof of d(g, v(v"(g))) — Aq <
d(q,7(v*(q))) < d(q,7"(q)) +
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so far in general

® 6 o ‘-0 o C o.(]o ® ‘-0 © C
>k fx >k
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problem: if we swap o with ¢ := (o) = v(0'), we can't reassign ¢ € N(¢) N N*(0’)
solution: swap o € C™ with n(0) chosen s.t.

n(0) = (o) if y(0) # (') foro # o' € C”
n(o) # ~v(o') forallo’ € C* and
n(o) = n(o’) for at most one other o’



Approximation factor (general case)

so far in general
o o 0o -0 oOC ® ©¢ o --- 0 T
m s m --m m O I/I I/I o

problem: if we swap o with ¢ := (o) = v(0'), we can't reassign ¢ € N(¢) N N*(0’)

solution: swap o € C™ with n(0) chosen s.t.
n(0) = (o) if y(0) # (') foro # o' € C”

n(o) # ~v(o') forallo’ € C* and
n(o) = n(o’) for at most one other o’

Same argument works, but since we swap out eachc € C
up to 2 times, weget > " A, <> O, + 220,



summary + discrete k-means + open problems

k-center: 2-approximation by greedy algorithm

discrete k-median: (5 + €)-approximation by local search



summary + discrete k-means + open problems

k-center: 2-approximation by greedy algorithm

discrete k-median: (5 + €)-approximation by local search

discrete k-means: minimize ZpEP d(p, C’)2



summary + discrete k-means + open problems

k-center: 2-approximation by greedy algorithm
discrete k-median: (5 + €)-approximation by local search

discrete k-means: minimize ZpEP d(p, C’)2

open: a-approximation for k-center in R with Euclidean distance and 1.82 < v < 27?



summary + discrete k-means + open problems

k-center: 2-approximation by greedy algorithm
discrete k-median: (5 + €)-approximation by local search

discrete k-means: minimize ZpEP d(p, C’)2

open: a-approximation for k-center in R with Euclidean distance and 1.82 < v < 27?

iIn my research: geometric spaces beyond points, in particular, clustering curves



