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Optimizing multiple conflicting objectives results in more than one optimal solution (known
as Pareto-optimal solutions). Although only one of these solutions will be adopted at the end,
the recent trend in evolutionary and classical multi-objective optimization studies have
focused on approximating the set of Pareto-optimal solutions. It is believed that such a set of
solutions will collectively provide good insight to the different trade-off regions on the
Pareto-optimal front, thereby aiding a better and more confident decision making at the end.
However, the type of Pareto-optimal approximation being sought strongly depends on the
decision maker; here, aspects such as convergence to the Pareto-optimal front and the
maintenance of solution diversity are important. Thus, to assess the performance of such
optimization algorithms, the preferences of the decision maker must be taken into account.

Evolutionary Multi-objective Optimization (EMO) methodologies were suggested in the
early 1990s for this task, and since then a number of performance assessment methods have
been suggested. Most of the existing simulation studies that compare different EMO
methodologies are based on a limited subset of performance measures. After more than 10
years of research and development into efficient EMO algorithms, the time is now ripe for the
evaluation of existing EMO and classical generating methodologies using carefully selected
test problems. The goal is to incorporate different consideration, formalized in terms of
appropriate performance measures, so as to bring out the essential features required of an
algorithm and thereby efficiently solve multi-objective optimization problems with due
diligence given to the preferences of the decision maker. The comparisons will be made for a
limited number of overall evaluations, to facilitate the evaluation of existing or new
algorithms with respect to different functional abilities, namely: i) to meet well specified
preferences (convergence to the Pareto front, diversity, objective values, etc.) ii) to scale well
on many objectives, and iii) to scale well on many variables.

In section 1, we specify a set of test functions that capture different, commonly considered
preference types as per the recent literature. Section 2 and 3 provide performance assessment
and algorithm complexity guidelines. A suggested format for presenting results is shown in
the last section.

1 Definitions of the Test Suite

In this section, 13 multi-objective optimization problems are described. We assume that the
optimization problems under consideration involve M objective functions f;, ..., fi that are
all to be minimized.
First we choose test functions OKA2 [3] and SYMPART [6] proposed recently. Second, we
select some problems from two immensely popular test suites, ZDT and DTLZ [1][2]. Finally
three test functions of the newly proposed WFG test suite are included.[4]
However, the ZDT and DTLZ test suites have the following problems:

e For all problems, the global optimum has the same parameter values for different

variables/dimensions
e The global optimum lies in the center of the search range



e The global optimum lies on the bounds
e All of these problems are separable
To overcome these shortcomings, we shifted or rotated the original ZDT and DTLZ problem.
o Extending and Shifting
f(z): original function. Search range [zmin , zmax]
F(x): new extended function. Search range [xmin Xmax ]
D: dimension
0=[o,,0,,...0,]: the shifted vector in parameter space

d =[d,,d,,..d,] : the extended length of the lower bound
r=[A,A,.. 4, ] - the scale factor

P =[p1 pi,..pp | the penalty value

1) To overcome the shortcomings of the ZDT test functions for which the global optimum
lies on the lower bound, or in the center of the search range, we extend the lower bound zmin
by d. Then, for the solution in the extended region, the function value is obtained by mapping
and stretching.

1) = S(psum)( f(z')+ [ _bias)

z;, z, > zmin,
where z,' = i ) .
{zmlni+}tl.(zm|ni—zi), Z, <zmin,
2 : :
S(psum) = ., psum = Zie,p,?,lg{l,Z,...D} (/ is a set of all variables

1+exp(— psum)
included in the objective function f{x))
Here the constant parameter vector A is used to make the searching region not symmetric with
respect to the variable.

Here the stretching function S is used to guarantee that the objective function values of
solutions in the extended region are always worse than those in the original region, i.e., the
Pareto Optimal front remains unchanged. This assumption holds true on the condition that
f>0. Therefore we shift 1" to f+ f ;s to make sure that all function values are positive. The
range of the function S is [1, 2]. When one solution in the extended region is near the
mapping center, there will be psum—0 and S—1. On the contrary, if the solution is far from
the mapping center, S—2. Thus we enlarge the objective value in the extended region whilst
at the same time keeping the function connected.

The penalty value Di in each variable is calculated as:
0’ 2,2z min,. )
Pi_{|zmini—z,~|/d“ z, < zmin,’ i=12,...D

2) After extending the region, shift the parameter space by vector o, and then the new
function F(x) = f'(x), x=z+o0
Therefore, the extended shifted function will be:



_ /() +1 forallz,>zmin, B
F’”(X)_{ S(psum,)(f,(z)+1)  otherwise ’ m=12,.M ,z=x-0

2

where S(psum) = , psum =Y, p?,1<{1,2,..D}
1+exp(— psum)
z;, z, > zmin, 0, z; > zmin;
so)E _ : pi=i 2 i=1,2,.,D
zmin,+ A4 (zmin,-z,), z, < zmin, |Zm|ni_Zi|/di! Z; <zmin,

According to the above description, we extended and shifted ZDT1, ZDT2, ZDT4, ZDT6,
DTLZ2, DTLZ3, obtaining S_ZDT1,S_ZDT2,S_ZDT4,S ZDT6,S DTLZ2,S_DTLZ3.

o Extending and Rotation
The detailed principle of extend are the same as the previous description.

e AL S B ERTRRS
where S(psum) = 2 , psum =Y, p?,1<{1,2,..D}
1+exp(— psum)
zmin;+ 4 (zmin,-z,), Z;<zmin, zmin,;—z;, Z;, <zmin;
z/ =iz, zmin. <z <zmax, p; =40, zmin; <z; <zmax;
zmax,—A,(z;—zmax;), z,>zmax, z;—zmax;, Z;>zmax;
i=12,..D

M: linear transformation orthogonal matrix, with condition number=1.
According to the above description, we extended and rotated ZDT4, DTLZ2, obtaining
R_ZDT4,R_DTLZ2.

1) OKA2

fl(X) = X1

Sfa(x) =1- 41 ; (x1+7)° +|x2 -5 COS(Xl)‘% +|x3— 58in(x1)\%
T

X1 € [—7?, 71'], X2,X3 € [—5, 5]

Pareto Set (x1, x2, x3) = (&, 5¢0s(¢), 5sin(¢)), & e[, 7]

2) SYM-PART

[i) = () +a—1,0,))7 + (x) = 1,0) 2+ 4 (x,, +a—1,0))" + (x,) —1,h)?
£ =0 —a-tc,) +(x, —t,h) +..+ (x,, —a—tc,)’ +(x, —t,b)°

where

CoSw -Sinw 0 0
sinw COSw 0 0
xX=| 0 0 coOSw —-Sihw ..|Xx

0 0 Sinw  COSw




tl = Sgn(xl’) % |7|x1|c_02/2—‘ , t2 — sgn(le) % |V|x2|b—b/2—‘
2

a=1b=10,c=8,¢c, =c+2a =10,
D : dimension

x e [-20, 20]°

3) Extended shifted ZDT1 (S_ZDT1)

z'+1, 220
Si(x) ={
S(p)(z' +1), 7 <0

g | EORE T allz, > 0
T | sWER ) (e@l-E T(1+1), otherwise

g(x) =1+9-(Xz)I(D-1)

S(z):#
1+exp(-t)
h . |z, z=0 0, z20 12 D
wnere ;o= y P = y =4,4.,
T eaz <0’ P d, z<0n !

Z2=Xx-0, X=[x,%,,...x,],2=[z,2,,...2,]

D : dimension

0=[o,,0,,...0,]: the shifted vector in parameter space

d =[d,,d,,..d,] : the extended length of the lower bound
r=[A,A,.. 4, ] - the scale factor

P =[p1 p2,...pp]: the penalty value

x, € [xmin,, x max, | , xmin = [xmin,, xmin,,..xmin,, |
xmax =[x max,, x max,,...x max, |

The optimal solutions: x, €[o,, 1+0,] and x, =0, i=2,...,D

Data file:
Name Variable Note
3*100 vector .
5 row: o When using, cut
S_ZDT1.dat d 0=0(1:D)
27 row: d )
3% row: A d=d(L:D)
— A=A (1:D)
2*100 matrix e
o o xmin=xmin(1:D)
S ZDT1 bound.dat 1” row: xmin
- - nd xmax=xmax(1:D)
27 row: xmax

and



4) Extended Shifted ZDT2 (S_ ZDT2)

fl(x):{zl'+l, z >0
S(p)(z +1), z <0
g(x)L-(z 1 g(x))?]+1, 2,20
o {S(W)(g(x)[l(zl'/g(x))2]+1), otherwise
gx) =1+9-(X2,z)/(D-1)
where z,.’:{zi’ %20 , pi:{o’ 2’20, i=12,..,D,
-Az, z;<0 |Z,»|/d,-, z; <0

Z2=X-0, X=[x,%,,...x,,2=[z,2,,...2,]
D : dimension
0=[o0,,0,,...0,]: the shifted vector in parameter space

d =[d,,d,,..d,] : the extended length of the lower bound

r=[4,A,..4,] - the scale factor

p=[p1. pi,..pp | : the penalty value

x, € [xmin,, x max, | , xmin = [xmin,, xmin,,..xmin,, | and
Xmax = [ x max,, xmax,,...x max,, |

The optimal solutions x, €[o,, 1+0,] and x, =o,, i=2,...,D

Data file:
Name Variable Note

S ZDT2.dat 3*100 vector When using, cut
1 row: o 0=0(1:D)
2" row: d d=d(1:D)
3% row: A A=A (1:D)

S_ZDT2_bound.dat 2*100 matrix xmin=xmin(1:D)
1 row: xmin | xmax=xmax(1:D)
2" row: xmax

5) Extended Shifted ZDT4 (S_ZDT4)
z/+1, z2>0
A= {Sm)(z; ), 5<0
g()[1-+/z' 1 g(x)]+1, all z,>-5
fx)= S(«/Zfilpl? )(g(x)[l—«/zl’ / g(x)] +1), otherwise
g(x) =1+10(D-1)+32,[z'>—10cos(4rz/)]

21, 2120 O, Z]_ZO
D=

where z/ :{ |zl|/d1, 7 <0

—/IlZ]_, Z1 < O ’



z, z,>2-5 0, z;2-5
Zi’: ’ pi= y i=2,...,D
—-5-1.(z;+5), z;<-b5
Z2=x-0, X=[x,x,,...x,],2=[z,2,,...2,]
D : dimension

0=[0,,0,,...0,]: the shifted vector in parameter space

d=[d,,d,,..d,] : the extended length of the lower bound

L=[A,4,..4,] - the scale factor

p=[pi. pi,...pp ] the penalty value

x, € [xmin,, x max, | : xmin = [xmin,, xmin,,..xmin ;| and
Xmax = [ xmax,, xmax,,..xmax, | are included in the data file.

The optimal solutions x, €[o,, 1+0,] and x, =o0,, i=2,...,D

Data file:
Name Variable Note

S_ZDT4.dat 3*100 vector When using, cut
1% row: o 0=0(1:D)
2" row: d d=d(1:D)
3% row: A A=A (1:D)

S ZDT4 bound.dat 2*100 matrix xmin=xmin(1:D)
1*' row: xmin xmax=xmax(1:D)
2" row: xmax

6) Extended rotated ZDT4 (R_ZDT4)

er+1, z, 20
S(p)(z +1), z <0

g()[L-+z 1 g(x)]+1, all z, >-5
f2) = S(./ leiz )(g(x)[l— z 1g(x)] +1), otherwise

g(x) =1+10(D-1)+" [z —10cos(4zz,)]

-z, z <0 -7, z <0
where z =< z, 0<z <1, p =10, 0<5<1
Mzi, z>1 -1 z>1
-5-1.(z;+5), z;<-5 -5-7z, z; <=5
z! =<z, -5<z,<5, p =40, -5<z <5, i=2,...,D
5-4(z -5), z;>5 z; =5, z;>5

z=Mx, x=[x,x,,...x,],2=[z,2,,...2,]
D : dimension
r=[A,A,.. 4, ] - the scale factor



p=[pi. p1,...pp | : the penalty value

x, € [xmin,, x max, | : xmin = [xmin,, xmin,,..xmin , | and
Xmax =[x max,, x max,,...x max, |
Data file:
10D
Name Variable
R_ZDT4 M_10D.dat M 10*10 matrix
R_ZDT4 bound_10D.dat 2*10 matrix
1* row: xmin
2" row: xmax
R_ZDT4 lamda_10D.dat A 1*10D vector

7) Extended shifted ZDT6 (S_ZDT6)

1—exp(-4z/) sin®(6zz1") + 1, z1>0
filn) = {S(pﬂ (1- exp(-4z) siné(6x=1) +1), 2<0
g1 (z"/ g(x))?1+1, zi20
)= {S( Zl P?) (g(x)[l— (zi' 1 g(x))?] +1) ,  otherwise
() =1+9[(X,z)I0-D]
where z,.’:{z“ 720 , pi:{o’ 2’20, i=12,...D
—Az, 2, <0 |z|/d;, z <0

Z2=Xx-0, X=[x,x,,...x,],2=[z,2,,...2,]

D : dimension

0=[o0,,0,,...0,]: the shifted vector in parameter space
d=[d,,d,,..d,] : the extended length of the lower bound
L=[A,4,..4,] - the scale factor

p=[p1. pi,...pp | the penalty value

x, € [xmin,, x max, | : xmin = [xmin,, xmin,,..xmin,, | and

Xmax = [ x max,, x max,,...x max,, |

The optimal solutions: x, €[o,, 1+0,] and x, =0,, i=2,...,D



Data file:

Name Variable Note

S_ZDT6.dat 3*100 vector When using, cut
1% row: o 0=0(1:D)
2" row: d d=d(1:D)
3% row: A A=A (1:D)

S ZDT6_bound.dat 2*100 matrix xmin=xmin(1:D)
1 row: xmin | xmax=xmax(1:D)
2" row: xmax

8) Extended shifted DTLZ2 (S_DTLZ2)
(1+g(x,, ))cos(zl’ 7r/2)cos(zz’ 72'/2)...COS(ZM72' z/Z)cos(szl’ 7r/2) +1, z,20
A= {S(psuml)((1+ g(x,, ))cos(zl’ ﬁ/Z)COS(zz’ 77/2)...COS(ZM72' 7z/2)COS Zy 7z/2) +1), otherwise
(1+ g(XM))COS(Zl' 7r/2)cos(zz’ n/Z)...cos(zM_z’ n/z)sin(zM_l’ 7r/2) +1, z,20
S(psumz)((1+ g(XM))COS(Zl' 7r/2)cos(zz’ ﬂ/Z)...COS(ZM_Z' n/Z)sin(zM_l' 7r/2) +1), otherwise
(1+ g(xM))COS(Zl’ 72'/2)003(22' ﬂ/Z)...Sin(ZM_Z' 7/2)+1, z, >0
S(psum3)((l+ g(xM))COS(Zl' 72'/2)COS(ZZ' 7r/2)...sin (ZM_z' 7r/2) +l), otherwise

o]
o]

(1+ g(XM))COS(Zl' 7z/2)sin(zz’ 7z/2)+1, z,>0
S(psumM_l)((1+ g(x,, ))cos(zl’ 7[/2)Sin (zz’ 7[/2) +1), otherwise
(1+g(xM))Sin(zl’ 7[/2)+1, z,20

S(psumM)<(l+ g(XM))Sin(zl’ 7r/2) +1), otherwise

Sua(x) = {

fM(X)_{

here = z;, z,20 0, z20 15 D
w i = ' P = ’ =4, 4.
& Az, z;<0 P |Z,»|/d,-, z; <0 :

<1

Z2=X-0, X=[x,%,,...x,,2=[z,2,,...2,]
D : dimension
0=[o0,,0,,...0,]: the shifted vector in parameter space

d =[d,,d,,..d,] : the extended length of the lower bound

r=[4,A,...4,] - the scale factor

p=[p1. pi,...pp ] the penalty value

x, € [xmin,, x max, | : xmin = [xmin,, xmin,,..xmin ;| and
Xmax =[x max,, xmax,,..xmax, | are included in the data file.

The Pareto-optimal solutions x; =0.5+0, (x € x. ) and the objective function values must



satisfy: Zi;(f,i)z =0.5

Data file:
Name Variable Note

S DTLZ2.dat 3*30 vector When using, cut
1 row: o 0=0(1:D)
2" row: d d=d(1:D)
3% row: A A=A (1:D)

S_DTLZ2_bound.dat 2*30 matrix xmin=xmin(1:D)
1 row: xmin | xmax=xmax(1:D)
2" row: xmax

9) Extended Rotated DTLZ2 (R_DTLZ2)

| (@ g(xy))cos(z) 7/2)cos(z; 7/2)...c08(z,, ;' 7/2)c0s(z,, | 7/2)+1, z >0
A= S(psuml)((1+ g(XM))COS(zl' 7r/2)cos(z2’ 7r/2)...cos(zM72' 7z/2)cos Zy 7r/2)+1), otherwise
| @+ g(x,))c0s(z/ 7/2)cos(z, 7/2)...co8(z, ) 7/2)sin(z,, ) 7/2)+1 z, >0
fo(x) = S(psumz)((1+ g(x,,))cos(z 7/2)cos(z, 7/2)...cos(z,, ;' 7/2)sin(z,, | 7/2) +1), otherwise
(1+ g(xM))COS(Zl’ 7[/2)005(22' ﬂ/Z)...Sin(ZM_Z' 7z/2)+1, z,20
S () = S(psum3)((1+ g(x,,))cos(z 7/2)cos(z, 7/2)...sin(z,, ;' 7/2) +1), otherwise
| @+ g(XM))COS(zl' 7r/2)sin(z2’ 7r/2)+1, z,20
Srua(x)= S(pSumel)((l'*‘g(XM))COS<21’ 7[/2)3"1(22' ﬂ/2)+1), otherwise
RS g(x,,))sin(z 7/2)+1, z >0
Sy (x) = S(psumM)((1+ g(x,,))sin(z/ ;;/2)+1), otherwise

iZi z,<0 -z, z; <0
where z/ =<z, 0<z <1, p =40, 0<z<1, i=12,..D
Az, z, >1 z=1, z>1

z=Mx, x=[x,x,,...x,1,2=[z,2,,...2,]
D : dimension
0=[o0,,0,,...0,]: the shifted vector in parameter space

L=[A,4,...4,] - the scale factor

p=[pi, pr,...pp]: the penalty value

x, € [xmin,, xmax, | : xmin = [xmin,, xmin,,...xmin , ] and
Xmax =[x max,, x max,,...x max, |

Data file:



30D

Name Variable
R_DTLZ2_M_30D.dat M 30*30 matrix
R_DTLZ2_bound_30D.dat 2*30 matrix

1% row: xmin
2" row: xmax
R_DTLZ2_lamda_30D.dat A 1*30D vector

10) Extended shifted DTLZ3 (S_DTLZ3)

(1+ g(XM))COS(zl' 7z/2)cos(zz’ ﬂ/Z)...COS(ZM_Z' ﬁ/z)cos(zM,l’ 7z/2), z, >0
RO s (1 £0u))c08(2f 7/2)005( 2 #12)...c08(z4 #/2)c05 (2 7/2)+1), - otherwise
(1+ g(xM))COS(Zl' ﬂ/Z)cos(zz' ﬂ/z)...cos(zM,z’ ﬂ/Z)sin(zM,l' 7/2), z, >0
fox) = S(psumz)((1+ g(XM))COS(Zl’ ﬂ/Z)COS(ZZ' 7[/2)---COS(ZM—2' ”/Z)Sin Zyd 77/2) +1)' otherwise
(1+ g(xM))COS(Zl' ﬂ/Z)cos(zz’ ﬂ/Z)...sin(zM,z’ 7r/2), 2,20
S(x) = S(psum3)((1+ g(xM))COS(Zf ”/2)C05(22’ ”/2)--~5in Zy- 77/2)+1)’ otherwise
| (1+ g(XM))COS(Zl’ 7r/2)sin (22' 7r/2), 2,20
Sua(x) = S(psumM_l)((1+g(XM))COS(Zl' n/z)sin(zz' 7[/2)+1), otherwise
~ (1+g(xM))Sin(zl' 7r/2), z;>20
Ju(x) = S(psumM)((l+g(XM))Sin(Zl' 7[/2)+1), otherwise

where g(XM):100(|XM|+ZX.eX (z _05)2 _COS(ZOﬂ'(zi _0.5)))
_Ja w20 _]0 z;20 =12,...D
Z; _{_ﬂizi' Zi<0 2 |Zl-|/d,-, Zi<0’ 1=14,...,

Z=Xx-0, X=[x,x,,...x,],2=[z,2,,...2,]

D : dimension
0=[0,,0,,...0,]: the shifted vector in parameter space

d=[d,,d,,..d,] : the extended length of the lower bound

A=[A, A,...Ap] : the scale factor

p=[p. pr....pp ] the penalty value

x, € [xmin,, xmax, | : xmin = [xmin,, xmin,,...xmin , ] and
Xmax =[x max,, xmax,,...x max,, | are included in the data file.

The Pareto-optimal solutions x; =0.5+o0; (x? € xM).

Data file:



1% row: xmin
2" row: xmax

Name Variable Note
S _DTLZ3.dat 3*30 vector When using, cut
1% row: o 0=0(1:D)
2" row: d d=d(1:D)
3% row: A A=A (1:D)
S DTLZ3 bound.dat 2*30 matrix xmin=xmin(1:D)

xmax=xmax(1:D)

WEFG [4]

Given z2={z,,...2,, 2,4, 2, }

Minimize foay (X)=Dx,, +S h (x,.... %), )
Where

x =L,

={max(t,, 4)(t” —0.5)+0.5,... max(¢’,, 4, ,)(t, , —0.5)+ 0.5,t2 }

0 ={t ot AT o 7

Zioyn = {Zl,[o,l] peees Zn,[o,l]}

:{Zl/Zl,maX""’Zn /Zn,max}

where M is the number of objectives, x is a set of M underlying parameters (where x,, is an
underlying distance parameter and x;.,.1 are underlying position parameters), z is a set of &
+ [ =n > M working parameters (the first £ and the last / working parameters are position-

and distance-related parameters, respectively).

D>0 is a distance scaling constant, A;. 1 €{0,1} are degeneracy constants (for each 4;=0,
the dimensionality of the Pareto optimal front is reduced by one), h;.,, are shape functions,
S1. 40 are scaling constants, and t" are transition vectors, where “«|” indicates that each
transition vector is created from another vector via transformation functions. The domain of

all ziez i1s[0, 27], i=1,...,n. Note that all x; € x will have domain [0,1].

Constants S, = 2m, D=1 A4=14,,,=1
11) WFG1

Shape A,,—;.2/=CONVEX,,
hy = mixedy(with a=1 and A=5)
tt i =y
i=l:k = )i
ickr1m = S_linear(y;,0.35)
P =y
i=l:k = )i
Fickr1-n=b_flat (1, 0.8,0.75,0.85)
t A-., =b_poly(»,0.02)
t* A= rosum (ks 1)+ 1o-ees Viks 021 h




{2(G -k /! (M-1) + 1),...2ikI(M-1)})
'y =r_sum (e, yuh{2(k+1),...,.2n}
Optimal solutions:
z,_,, - any combination of values in the range [0, 2i]

Zi_orn = 21%0.35

12) WFG8

Shape A,,-;.p=concave,,
t s = Vi
Hizer 1= b_param(y;, r_sum({yu,..., vii 1{1,...,1}), 0.98/49.98, 0.02, 50)
P = Vi
ickr1m=S_linear(y;0.35)
£ A= rsum (ks o) + 1eee Viks e {0 13)
£y = 1_sum (s, {1, 13)
Optimal solutions:
z,_,, - any combination of values in the range [0, 2i]

—2i%0 35(0.02+49.98(7fg.99887(172u)‘LO.Sfu %
Zickrn = €1XU.

u=r_sum({z,,....z,,},{1...,1}).
To obtain a Pareto optimal solution, the position should first be determined by setting z;.x
appropriately. The required distance-related parameter values can then be calculated by first

determining z+; (which is trivial given z; have been set), then z;.,, and so on, until z, has
been calculated.

13) WFG9

Shape 4,,-;.;1=concave,,
tt i1 =b_param(y;, r_sum{yis1,..., yob{1....,1}), 0.98/49.98, 0.02, 50)
e =y
Ak =s_decept(y; 0.35,0.001, 0.05)
£ i—ps1: » =5_multi( y;, 30, 95, 0.35)
£ Aia=r_nonsep (Vi ak/ 1)+ 1o-.or Vi) 01} KI(M=1))
£y = r_nonsep ({yist,.... vk, )
Optimal solutions:

0 35(0.02+1.96u)’1 itn
Zo o =20%X<s '
=k+1 .
e 0.35, i=n

u :r_sum({zl.+l,...,zn},{1,...,1}).

Which can be found by first determining z,, then z,.;, and so on, until the required value for
zr+; 1S determined. Once the optimal values for z.;.,, are determined, the position-related
parameters z;., can be varied arbitrarily (in the range [0,2/]) to obtain different Pareto optimal
solutions.



Table 1: Properties of the test functions [4]

21 > s | - |5 > @
2182|588 5.8
Test functions| § | £ g 3 g |2 ifs Geometry | 5 5 o
o = o L =0
S|Elg| 2|25 -
$ n Pz 8‘ o LL
1.0KA2 fopbysu V| concave X X
Al 1 [NS| M
2.SYMPART |fi>| vV [NS| M v | V| concave Y X
1|{S| U
3.5 ZDT1 fi V| convex X X
Ll Y|S]| U
1|s| U
4.5 7ZDT2 S v | v | V| concave X X
ALl V|S]| U
1|{sS| U
5.S_ZDT4 S v | v | V]| -convex X X
Ll V] S| M
6.R_ZDT4 fiol VINS| M v | v | V| convex X X
1|S| M
7.S_ZDT6 S v | v | V| concave v | X
Ll V|IS| M
8.5 DTLZ2 |fim| V| S| U v | v | V| concave v o X
9.R_ DTLZ2 |fim| V |[NS| M v | v | V| concave v X
10.S_ DTLZ3 |fim| V| S| M v | v | V| concave v | X
11.WFG1 frum S ] convex,mixed
12.WFG8 fiml VINS| U v | v | V| concave vV vV
13.WFG9 fim NS | M,D concave

S: Separable; NS: nonseparable; U: Uni-modal; M: Multi-modal; D: Deceptive.

2 Performance Assessment

Pareto Optimal Fronts: The Pareto optimal fronts of all test functions are provided in the
data file.

Runs: 25

Max_FES: The maximum number of function evaluations, 5e+5 for all test functions.

The Approximation Set Size: We define the size of the resulting nondominated set to allow
for a fair comparison regarding the performance metrics.



Table 2: the experimental settings for the test functions

Test No. of No.of Approximation
Function | Objectives | Parameter set size
1.0KA2 2 3
2.SYMPART 2 30
3.5 ZDT1 2 30 100
4.S_7ZDT?2 2 30
5.5 ZDT4 2 30
6.R_ZDT4 2 10
7.5_ZDT6 2 30
8.5 DTLZ2 3 30 150
- 5 30 3000
9.R_DTLZ2 3 30 150
- 5 30 3000
10.S_DTLZ3 3 30 150
- 5 30 3000
11.WFG1 3 24 150
5 28* 3000
*
12 WFG8 3 24 150
5 28* 3000
*
13 WFGY 3 24 150
5 28* 3000

* The dimension of WFG test function is decided by k+I:
k: If M =2, then let k = 4. Otherwise, if M >= 3, let k = 2*(M-1).
I: 1t is recommended that /=20 should be sufficient for the number of distance related parameters.
Therefore, for test functions (11,12,13) with 3 objectives(M=3), k=4, =20, D = k+] = 24;
with 5 objectives(M=5), k=8, 1=20, D = k+]=28.
Population Size: So long Max_FES is never exceeded, you are free to employ whichever
population size suits your algorithm.

Metrics:
1) R indicator (/z2) [5]

_ ZieA u (’1’ A) —u’ (’1' R)

IRZ— ‘A‘

where R is a reference set, «” is the maximum value reached by the utility function » with
weight vector A on an approximation set A, i.e., u  =max:csu:(z) . We choose the
augmented Tchebycheff function as the utility function.

2) Hypervolume difference to a reference set (/7) [5]

The hypercolume indicator /x measures the hypervolume of that portion of the objective
space that is weakly dominated by an approximation set A, and is to be maximized. Here we
consider the hypervolume difference to a reference set R, and we will refer to this indicator as
I, which is defined as 7z =Iu(R)—1u(A) where smaller values correspond to higher

quality - in contrast to the original hypervolume 7.



When calculate these two indicators, we need normalize the objective values first.

3) Covered sets CS [6]

The above 2 indicators only refer to the objective space, we therefore need one additional
indicator that regard the Pareto sets for SYMPART test function.

The formal definitions refer to a population P of points (ind) in decision space and a set S of
Pareto subsets (set). The Boolean function near(ind,set) becomes true if the tested individual
reaches the vicinity of the tested set.

The number of covered Pareto subsets (which comprise at least one individual in their
vicinity). CS(P, S) =|{set € S : 3ind e P, near(ind, set)}

4) Attainment surface [5]
An approximation set A is called the k%-approximation set of an EAF a. (z), if it weakly

dominates exactly those objective vectors that have been attained in at least k& percent of the »
runs. Formally, Vze Z:a, (z) 2k /100 & A< {z}

where a, (z) = % z 1(A4'<{z})

A’ is the ith approximation set (run) of the optimizer and (.) is the indicator function, which
evaluates to one if its argument is true and zero if its argument is false.

An attainment surface of a given approximation set A is the union of all tightest goals that
are known to be attainable as a result of A. Formally, this is the set

{zeR”:AjZ/\—'A<<Z}

3 Algorithm Complexity

1) T1 =(ZX,21)/ N . t1; = the computing time of 10000 evaluations for problem i. N is the

total number of the test functions. Please consider N=19, counting M=3 and M=5 separately.
Note: Please make sure the T1 is the computation time of the basic function, and no
additional operators are added in.
And please use loop to calculate T1:
for i =1:10000
f = function(x)
end
2) T2 =(XY,t2,)I N . 12; = the complete computing time for the algorithm with 10000

evaluations for problem i.
The complexity of the algorithm is reflected by: 71, 72, and (72 — T1)/T 1



4 Results Format

Participants are suggested to present their results in the following format:
PC Configuration:

System: CPU:
RAM: Language:
Algorithm:

Parameters Setting:

a) All parameters to be adjusted.

b) Corresponding dynamic ranges.

c) Guidelines on how to adjust the parameters.

d) Estimated cost of parameter tuning in terms of number of FEs.
e) Actual parameter values used.

Results Achieved:
For all the test functions, record the approximate set after 5e+3, 5e+4,5e+5 FES in each run.

For indicator /x> and Iz, participants are suggested to present the following: best, median,
worst result, mean value and standard deviation for the 25 runs.

Table 3: The results for R indicator on test functions 1-7. (Please keep 4 digits after the decimal point
as the example data in the table

FES 1.0OKA2 |2.SYMPART| 3.5_ZDT1 | 4S_ZDT2 | 5.5 ZDT4 | 6.R_ZDT4 | 7.5_ZDT6

Best 0.2356e-02

Median | 0.5600e-01

5e+3 Worst 0.8935e+00

Mean 0.4112e-01

Std 0.2548e-04

Best

Median

5e+4 Worst

Mean

Std

Best

Median

5e+5 Worst

Mean

Std

Table 3(cont.): The results for R indicator on test functions 8-13 when M=3.

FES 8.5 DTLZ2 9.R DTLZ2 10.S DTLZ3 11.WFG1 12.WFG8 13.WFG9
5e+3 Best
Median
Worst
Mean




Std

5e+4

Best

Median

Worst

Mean

Std

5e+5

Best

Median

Worst

Mean

Std

Table 3(cont.): The results for R indicator on test functions 8-13 when M=5.

Table 4: The results for Hypervolume indicator /7 on test functions 1-7.

Table 4(cont.): The results for Hypervolume indicator /5

Table 4(cont.): The results for Hypervolume indicator /5

Table 5: The results for Covered sets CS for test function SYMPART.

on test functions 8-13 when M=3.

on test functions 8-13 when M=5.

FES

5e+3

5e+4

5e+5

Best

Median

Worst

Mean

Std

Plot 0%, 50%,100% attainment surfaces after 5e+5 FES on test functions 1-7.
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==+ Pareto Optimal Front
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== D% attainment suface
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==+ Pareto Optimal Front
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Fig. 1 Pareto optimal front and 0%, 50%,100% attainment surfaces after 5e+5 FES on test function s 1-7.



Plot 50% attainment surfaces after 5e+5 FES on test functions 8-13(M=3)[7].
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Fig. 2 50% attainment surfaces after 5e+5 FES on test function s 8-13(M=3).

Plot the Pareto front after 5e+5 on test functions 12 and 13 (M=5). (Use the median
approximation set with respect to the R indicator to plot the figure.)

The figure shows the pair wise interactions among these five normalized objective functions.
The axes of any plot can be obtained by looking at the corresponding diagonal boxes and
their ranges. For example, the plot at the first row and third column has its vertical axis as
f1 and horizontal axis as f3.
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Fig. 3 Upper diagonal plots are for WFG8 (M=5) and lower diagonal plots are for WFG9(M=5).



Algorithm Complexity

T1 T2 (T2-T1)/ITL

Table 4 Computational complexity
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