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(i, %, p)ES := (P, u, k, A, rec, pr, p, 7,w, mut, p,, 7,70, 8, B, sel, (, ¢, €)

with

P .= (ay,.. .,ap){o] e

p €N
x €IN

B e Ry

sel : [#+* — ¥
(€N

t: % — {0,1}
e € R}

I:=]NQXIR“}{

xIRL* x [—=,x]"e

p2>1
k2>1
A>puifs=1

0<pm <1

oo 0O
IAIA
N wm O
IA A
i =

L N
IA
IA
i~
4
N

start population

number of parents

upper limit for life span
number of offspring
recombination operator
recombination probability
number of ancestors

for each descendant
number of crossover sites
in a string of n, elements
type of recombination
mutation operator
mutation probability .

step length variabilities
correlation variability
selection operator
tournament participators
termination criterion
accuracies required.



363
Wetdeve EL-Vaciantew
* iyt Pffslofal;e’ Downnanz + Ke 26t/ 4o +
F;f Veldov Opf'l'm;ewh:’ (hc‘w{(tk ail{dm? )

e mt Al dat on /h.'gm"'feu
F;* QIO‘OG\’C O‘p'l't'lM:(.th% (3(0'41(5411:3)

e wit Lokalev Jubvakdon (‘_Dl'ﬂ-w-'ﬁh)
Fq Qloba't Oph'hnitvuha ({'tfu‘(;*m'g)

ravallel

2 qexdamh{elh_ =&
av (..se quentielle) globale OP"‘;IM:C.VUH?

[(uf/s', A (/alg , k)?] ES
._—Y—-_'

A’ &u'o‘ooré'w"l'ﬂhth Ng,r'eveu. V
Oetevodionete la.u:. uh ably. MIutinandey

; 5
A\M‘Q.IL Uh-}cv Iu'o\oopolﬁ-"'mhth



Notation 364

e Individual: @ € I.

e Individual space: I = IR" X S.

e Strategy parameters: S.

e Population: PY) = {a,,...,a,} € I*, k € {u, \}.
e Recombination: rec: [* — .

e Mutation: mut : [ — I.

e Selection: selﬁ IF > I8 ke {\ p+ A}

e Generation transition: optgs(PW) : I# — I#

oPtES(P(‘)) 2= selﬁ(l_lf;l{mut(rec(P(‘)))} U Q)

(k=X+|Q|, Q € {PY,0}).

e Realization of a normally distributed random variable:
z ~ N((, 0?).

Random number generation:

z1 = V=2Inu;sin(2ruy) , 2z = \/-—2lnt-ﬂ'cas(21ru2)

Uy, Ug ~~ U((D, 1])._. 2y, 29 N(O, 1).



The (1 4+1)-ES 563

¢ 1 = A = 1, no recombination.
¢ Individual structure: @ = (&,0) € IR" x IR,.
¢ Mutation: 1/5-success rule

¢ = muo)=4o0-yc , ifp<1/s

c/¥c , ifp>1/5
o , ifp=1/5

T = mu:(f)=($1+zl:“~:$n+zn) .

— p denotes the measured relative frequency of successful
mutations.
— ¢ = (.817 proposed by Schwefel.
- z; ~ N;(0, 5‘2).
¢ Selection:

self({a,&}).:{ {@ , if f(Z) < (@)

{@} , otherwise

e (Generation transition:

opt(1+1)-£s({a}) = Self({m“t(

&)} u{a))
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Pseudocode for a (1 + 1)-ES

ALGORITHM 1 ((1+ 1)-ES)

t =0
initialize P(Y) = {(5,6“)};
evaluate f(Z);
while (T(PY) = 0) do
(Z,5) := mut((z, 0));
evaluate f(Z);
@< @)
then PUH) .= {(Z 5));
else P+l) .= p().
t:=1t+41;
od

o-modification according to Schwefel:

| After every m mutations, check how many successes have
occurred over the preceding 10-» mutations. If this number
i1s less than 2 - n, multiply the step length by the factor
¢ = 0.85; divide it by 0.85 if more than 2 - n successes
| occurred.




The (u,))-ES 507

One generation transition function ((u,A)-selection):

opt(u,)-£s(PY) = sel(L {mut(rec(P"))})

ALGORITHM 2 ((u, A)-ES)

t:=0;
inilialize P(n} = {Elr v ooy ﬁ#} € IF;
evaluate f(Z)),..., f(£,);
while (T(P®) = 0) do
P = 0;
fori:=1to A do
 (%,7, @) := mut(rec(PY));
evaluate f(Z);
P .= PU{(z,7,&));

od
P+ = seli( P);
t:=1+1;

od

For (1 + A)-selection:
opt(u+x)-£s(PY) = sel;*} (Ui, {mut(rec(PY))} u PY)
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Mutations

Normally distributed variations:

ool

p(z) = o\ 2 “Xp 2072

e Expectation £ = 0 is assumed.

e Standard deviation ¢ must be adapted.

0.50 — T T

0.40

0.30

p(z)

0.20

Figure 6: Probability density function p(z) for a normal distribution with £ = 0 and
standard deviations ¢ € {1,1.5,3}.

ALGORITIM
MUTATIONS
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Simple Mutations: n, = 1

@ equal probability to place an offspring

’ 1
l.l.ll].ll..!-I

-1 0 | 2
Figure 7: Simple mutations, n = 2,'n, = 1, (= n, = 0).
I = IR" X .IR+
/ =3 — = !
me T, 0) = (F,0)

70 ~ 1/y/n

' o - exp(1o- N(0,1))
;= z;+ 0 - N;(0,1)

8 9
I

SourLe MUTATIONS | - 13-
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An alternative method for n, = 1:
(proposed by Rechenberg; see e.g. (Ostermeier 1992)).

I = IR" x IR,
mia}('fra) = (fra’)
I o = o-u

T; -+ 5’; : Ng(O, 1)

e u € {1,a,1/a} with equal probability for each
of the three outcomes =

— One-third of the offspring tries larger step-sizes,
— one-third of the offspring tries smaller step-sizes, and

— one-third of the offspring keeps step-sizes constant.
e Normally, a = 1.5 is used (Ostermeier, 1992).

e Terminology: Mutational stepsize control
(Rechenberg).

e Extension proposed by (Ostermeier 1992):
Momentum adaptation.
(Allow for an adaptation of expected values different from zero for

the normally distributed random numbers).

ALCORITHM
SorLe MuTaTIONS - - 14 -
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Standard Mutations: n, = n

€D  equal probabiity to place an oftapring

Figure 8: Simple mutations, n = 2, n, = 2, (n, = 0).
I = IR" x IR"
mf[T,T’}(f? o) = (f: 5’)
Tr ~ 1/y2yn Cpdigix
T ~ 1/V2n Cu g
—_— _

o; -exp(7'- N(0,1) + 7 - N;(0,1))
x; + 0‘2 - N,'(O, 1)

o Sm o,

Boundary rule for preserving standard deviations larger than zero:

U:‘(SJ = 0;:=Eg

ALGORITHM
STANDARD MUTATIONS - . 15 -
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Correlated Mutations

@ equal probablity 1o place an cliapiing

Figure 9: Correlated mutations, n =2, n, = 2, n, = |.

I = IR x IR? x [—m, a]*(-D/2
MY, p(E,6,8) = (&,7,d)

g; -exp(7 - N(0,1) + 7 - N;(0,1))
Ctj + ﬁ . Nj(O, 1)
Z + N(0,C')

Boundary rule for keeping rotation angles feasible:

lojl > = af:=a; — 27 - sign(a))

ALCORITHM
CoRRELATED MuTaTiONS - 18-
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=> A strategy parameter set

e is part of each individual,

e represents the p.d.f. for mutation of the indivi-
dual:

'detC
\(27)"

e C 1. Covariance matrix:

p(2) = exp (——1~§' TCE)

ci = 0}

I 0 , Do correlations
Cii#d) = %(0"2 —-a?)ta.n(Qafj) y correlations

n=2 1‘“!

lines of equal mutation
probability density

Figure 5: Hlustration of the mutation ellipsoid for thecasen =2, n, = 2, n, = 1.

ALGORITHM

+  STRUCTURE oOF INDIVIDUALS -11- : W




Structure of Individ_ual_g_

o Individual space
I=IR"xS
e Strategy parameters
S = IR x [—7, w|"

a= (gxl,...,3:“),(01,...,ana)g,“(__al,. yQn.)) €T

—

T o o]

£ : Object variables => Fitness f(¥)
¢ : Standard deviations = Variances
@ : Rotation angles = Covariances
I Ny | Ty Remark
1 0 standard mutations |
0 standard mutations

S

- (n e 1) / 2 correlated mutations
Il ﬁ Ng ﬁ n (1’1 — “—2’-'-)(11,, — 1) general case

(correlated mutations)

Table 1: Possible settings of n, and n,.

e If 1 <n, <n: All z; (¢ > n,) are mutated according to o,,.

e E.g.: n, =2, n, = n— 1 facilitates learning of one preference direc-
tion.

e =
STRUCTURE OF INDIVIDUALS - 10 -
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Some remarks:

e Biological model:
Repair enzymes, mutator genes.

e There exists no deterministic control.

Instead, strategy parameters evolve as object variables do.

e There is only an indirect link between fitness
and useful strategy parameter settings.

e 7, & are conceivable as an internal model of the
local topology.

e Standard strategy: n, = n, n, = 0.
e For correlated mutations:

- & ~ N (0, C) is generated by a multiplication of the uncorre-
lated random vector &, by n, rotation matrices (Schwefel 1981,
Rudolph 1992).

5==“ﬁ1 ﬁ R(ai;) - Gu

i=1 j=i+1

— Exactly the feasible (positive definite) correlation matrices C
can be created this way (Rudolph 1992).

ALGORITHM
CORRELATED MUTATIONS - 7 -




Recombination 379

rec: /¥ — ] rec=reoco

¢ Creates one individual per application.
¢ Works according to:

—co: [t — Je

Chooses g parents at random. €. §° ¢
-re:Je— ]

Creates one offspring individual.

e Common cases:

— 0 = 2 bisexual recombination.
— @ = p global recombination (“gene pool recombination”).

Recombination types:

e No recombination, i.e., rec performs just a random choice of
an individual.

e Global intermediary recombination:

1 ¢
by = — 3 bis
£ k=1

(Averaging over all parents).
¢ Local intermediary recombination:
bi = wibky i + (1 — u;)by

u; ~ U([0,1]) or u; = 1/2
k1, ka ~ U({1,..., g}) for each offspring.

e Discrete recombination:
/
b; = by,,;

ki ~ U({1,...,e}) at random for each 1.

b stoands *o\r ixlgiﬁy
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Recombination example

:;HI Xy2

[ 21 [ %22 ]

o ] %2 | % | xa | oxas | &y
II %41 ] *42

| 51

Y

[_ *61 Xg2

MMMME&E

2 2

Figure 1: Recombination example for n = 5, u = 6, discrete recombination on z; and
global intermediate recombination on ;. The process is performed A times for the creation
of a complete offspring population.
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Recombination type illustration

=

e f—

X

i

Figure 2: Hlustration of the possible locations of recombination results according to the

o .,!-t‘ . ;,- X [ T H— . . .
zlected recombination scheme in = 2}, Notice that global random intermediate recom-

bination is the most general mechanism.



Selection

e Strictly deterministic, rank-based. p

® The 1 best ranks are handled equally.

¢ Two forms:

— (p-+A)-selection: ¢ I_Lm——___

The p best of offspring and parents survive. Tank

— (42, )-selection:
The p best offspring survives.

Formally: selﬁ(P) = P, where |P| = p, |P| = k > u, and

o Default: (u,\)-selection (e.g., (15,100)).

- Important for self-adaptation.
— Applicable also for noisy objective functions, moving optima.

e Selective pressure: Very high.

In terms of the takeover time 7 (number of generations required until repeated ap-

plication of selection completely fills the population with copies of the best individual;
Goldberg & Deb 1991):

r* % 2 generations for a (15,100)-ES [ =% % &4 4'04 a [%}404{)—{;‘5

(cl. proportional selection in GAs: 7* = Aln )\ = 460 generations !),




Self-Adaptation

. | A3 /28
‘The critical claim (Schwefel 1987, 1992):

Self-adaptation of strategy parameters works I

¢ without exogenous control,

¢ by recombining / mutating the strategy parameters,

e by exploiting the implicit link between fitness and useful internal
model.

Necessary conditions:

e Generation of a surplus A > p,

¢ (u,A)-selection (to guarantee extinction of misadapted

individuals),

e a not too strong selective pressure (e.g., (15,100);
A/ p = 7 turns out to be useful, but u has to be clearly
larger than 1),

e recombination also on strategy parameters

(especially: intermediate recombination).

ALGORITIIM
SELF- ADAPTATION - 22 -
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An illustration of self-adaptation:
Sphere model, (15,100)-ES with n = 30, n, = 1, and the optimum loca-
tion is changed every 200 generations.

1 b " |
X
-
le-10 . . : :
0 200 400 600 800 1000
generation
Figure 12: Behaviour of the objective function value.
10
1 ) .
: ) . .l. I ‘k
0.1 ¥\ J\: g\
. ' N A
o 0.01 -
® ! A
O X i
@  0.001 ) )
" 3 )
0.0001 : v
le-05
le-06 i
0 200 400 600 800 1000
generation

Figure 13: Behaviour of the standard deviations (minimum, average, and maximum within
the population).

ALOORITHM
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Collective learning (n = 30)

e of one common step size (= 1 step size):
n
-\ 2
fi(Z) = 2 Ti

e of proper scalings (= n step sizes):

e of a metric (=> correlated mutations):
2
o
(@) = £ (£ =)
1=1
(Schwefel, 1987) compares the progress rate for f, and a (u,100)-ES for
e optimum prefixed scaling, i.e., perfect information (o; = c/V3) (A),

o prefixed arbitrary scaling (o; = ¢’) (B),
¢ adaptive scaling (C).

SELY-ADAPTATION _ - 24 -
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Figure 14: Comparison of progress rates. 15 impetfect, but different individuals (C)
perform collectively better than the same number of cloned specialists (A) and almost as
good as possible in case of perfect information (A, (1,100)).

Progress measure:

P:lnjfﬁn_i"
/%




Outlook: “Contemporary ESs”

_— Sy -
Extensions of the (4, «, A, g)-ES:
o Life span limited to x > 1 generations.

- &k = 1: (u, A)-selection.
— K = 0o: (4 + A)-selection.

¢ Tournament selection as an alternative method.
e Further recombination types (e.g., crossover from GAs).

e Introduction of operator application probabilities Pm; De-

e
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Erzielung einer vorgegebenen Approximation an die L¥sung eines
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Bedeutung der Symbole:
o Strategie versagt bei hdherer Parameteraahl
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