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Notation:

REP: This is model REP with preprocessings (a)–(d).

REP(=): This model is slight modification of REP. The only difference is that REP contains the constraint (8)
as inequality, while REP(=) as equation.

POP,POP2,ASS+(e): Models POP, POP2, ASS with preprocessing (a),(b),(d),(e)

ASS+(c) This is model ASS with preprocessing (a)–(d).

0.1 Result for the DIMACS benchmark set:

instance rep rep(=) pop pop2 ass+(e) ass+(c) class
lb ub time lb ub time lb ub time lb ub time lb ub time lb ub time

1 1-FullIns_4 5.0 5.0 1.85 5.0 5.0 1.94 5.0 5.0 0.01 5.0 5.0 0.01 5.0 5.0 0.01 5.0 5.0 0.01 NP-m
2 1-FullIns_5 5.0 6.0 tl 5.0 6.0 tl 6.0 6.0 6.01 6.0 6.0 1.54 6.0 6.0 2.12 6.0 6.0 1.82 NP-?
3 1-Insertions_5 -∞ 202.0 tl -∞ 21.0 tl 4.0 6.0 tl 4.0 6.0 tl 4.0 6.0 tl 4.0 6.0 tl NP-?
4 1-Insertions_6 -∞ 607.0 tl -∞ 40.0 tl 4.0 7.0 tl 4.0 7.0 tl 3.0 7.0 tl 3.0 7.0 tl NP-?
5 2-FullIns_4 6.0 6.0 2.14 6.0 6.0 2.68 6.0 6.0 0.02 6.0 6.0 0.01 6.0 6.0 0.01 6.0 6.0 0.01 NP-m
6 2-FullIns_5 5.0 7.0 tl 5.0 7.0 tl 7.0 7.0 5.02 7.0 7.0 72.45 7.0 7.0 14.74 7.0 7.0 326.61 NP-?
7 2-Insertions_4 3.0 5.0 tl 3.0 5.0 tl 4.0 5.0 tl 4.0 5.0 tl 4.0 5.0 tl 4.0 5.0 tl NP-?
8 2-Insertions_5 -∞ 597.0 tl -∞ 36.0 tl 4.0 6.0 tl 3.0 6.0 tl 3.0 6.0 tl 3.0 6.0 tl NP-?
9 3-FullIns_3 6.0 6.0 0.01 6.0 6.0 0.01 6.0 6.0 0.00 6.0 6.0 0.00 6.0 6.0 0.00 6.0 6.0 0.00 NP-m
10 3-FullIns_4 7.0 7.0 3.92 7.0 7.0 4.06 7.0 7.0 0.03 7.0 7.0 0.02 7.0 7.0 0.03 7.0 7.0 0.02 NP-?
11 3-FullIns_5 7.0 8.0 tl 6.0 8.0 tl 8.0 8.0 12.43 8.0 8.0 32.90 8.0 8.0 27.23 8.0 8.0 3489.97 -
12 3-Insertions_4 -∞ 281.0 tl -∞ 30.0 tl 3.0 5.0 tl 3.0 5.0 tl 4.0 5.0 tl 4.0 5.0 tl NP-?
13 3-Insertions_5 - - tl - - tl 3.0 6.0 tl 3.0 6.0 tl 3.0 6.0 tl 3.0 6.0 tl NP-?
14 4-FullIns_3 7.0 7.0 0.01 7.0 7.0 0.01 7.0 7.0 0.00 7.0 7.0 0.00 7.0 7.0 0.00 7.0 7.0 0.00 NP-m
15 4-FullIns_4 8.0 8.0 4.61 8.0 8.0 6.17 8.0 8.0 0.05 8.0 8.0 0.02 8.0 8.0 0.02 8.0 8.0 0.03 NP-?
16 4-FullIns_5 7.0 9.0 tl 7.0 9.0 tl 9.0 9.0 9.67 9.0 9.0 16.03 9.0 9.0 78.17 8.0 9.0 tl -
17 4-Insertions_3 3.0 4.0 tl 3.0 4.0 tl 4.0 4.0 9.62 4.0 4.0 15.75 4.0 4.0 54.04 4.0 4.0 141.48 NP-m
18 4-Insertions_4 -∞ 475.0 tl -∞ 28.0 tl 3.0 5.0 tl 3.0 5.0 tl 3.0 5.0 tl 3.0 5.0 tl NP-?
19 5-FullIns_3 8.0 8.0 0.01 8.0 8.0 0.01 8.0 8.0 0.00 8.0 8.0 0.00 8.0 8.0 0.00 8.0 8.0 0.00 NP-m
20 5-FullIns_4 9.0 9.0 12.36 9.0 9.0 9.76 9.0 9.0 0.05 9.0 9.0 0.05 9.0 9.0 0.04 9.0 9.0 0.04 NP-?
21 ash608GPIA - - tl - - tl 4.0 4.0 34.84 4.0 4.0 51.63 4.0 4.0 821.74 4.0 4.0 575.23 NP-m
22 ash958GPIA - - tl - - tl 4.0 4.0 90.11 4.0 4.0 105.77 4.0 8.0 tl 4.0 6.0 tl NP-m
23 DSJC1000.1 - - tl - - tl - - tl - - tl -∞ 29.0 tl -∞ 29.0 tl NP-?
24 DSJC125.5 14.0 21.0 tl 14.0 22.0 tl 11.0 20.0 tl 13.0 22.0 tl 13.0 21.0 tl 13.0 21.0 tl NP-h
25 DSJC125.9 44.0 44.0 1.72 44.0 44.0 1.55 36.0 50.0 tl 42.0 44.0 tl 42.0 45.0 tl 42.0 45.0 tl NP-h
26 DSJC250.1 -∞ 250.0 tl -∞ 26.0 tl 5.0 9.0 tl 5.0 10.0 tl 5.0 10.0 tl 5.0 9.0 tl NP-?
27 DSJC250.5 -∞ 250.0 tl -∞ 63.0 tl - - tl 14.0 41.0 tl 14.0 39.0 tl 12.0 39.0 tl NP-?
28 DSJC250.9 71.0 72.0 tl 71.0 72.0 tl - - tl - - tl 40.0 89.0 tl - - tl NP-h
29 DSJC500.1 -∞ 500.0 tl -∞ 45.0 tl 5.0 17.0 tl 6.0 18.0 tl 6.0 18.0 tl 6.0 17.0 tl NP-?
30 DSJC500.5 -∞ 500.0 tl -∞ 110.0 tl 13.0 71.0 tl 13.0 71.0 tl - - tl -∞ 71.0 tl NP-?
31 DSJC500.9 59.0 177.0 tl 59.0 172.0 tl 47.0 175.0 tl -∞ 174.0 tl - - tl - - tl NP-?
32 DSJR500.1c 85.0 85.0 0.33 85.0 85.0 0.80 - - tl 83.0 86.0 tl - - tl - - tl NP-h
33 DSJR500.5 122.0 497.0 tl 122.0 170.0 tl - - tl 122.0 122.0 572.01 - - tl 122.0 122.0 1748.11 NP-h
34 le450_15a 15.0 449.0 tl 15.0 43.0 tl 15.0 16.0 tl 15.0 15.0 598.55 15.0 15.0 801.94 15.0 15.0 2439.49 NP-m
35 le450_15b 15.0 446.0 tl 15.0 44.0 tl 15.0 15.0 2939.49 15.0 15.0 700.50 15.0 15.0 1103.29 15.0 15.0 1393.29 NP-?
36 le450_15c -∞ 450.0 tl -∞ 54.0 tl - - tl - - tl 15.0 25.0 tl - - tl NP-?
37 le450_15d -∞ 450.0 tl 15.0 55.0 tl 15.0 26.0 tl 15.0 26.0 tl - - tl - - tl NP-?
38 le450_25c 25.0 450.0 tl 25.0 55.0 tl 25.0 30.0 tl 25.0 31.0 tl - - tl - - tl NP-?
39 le450_25d 25.0 450.0 tl 25.0 57.0 tl 25.0 30.0 tl 25.0 31.0 tl - - tl - - tl NP-?
40 le450_5a -∞ 450.0 tl -∞ 46.0 tl 5.0 9.0 tl 5.0 5.0 21.17 5.0 5.0 52.03 5.0 5.0 83.65 NP-?
41 le450_5b -∞ 450.0 tl -∞ 37.0 tl 5.0 7.0 tl 5.0 5.0 140.16 5.0 5.0 168.67 5.0 5.0 503.29 NP-?
42 mug100_1 4.0 4.0 1.14 4.0 4.0 1.14 4.0 4.0 0.24 4.0 4.0 0.09 4.0 4.0 0.13 4.0 4.0 0.39 NP-m
43 mug100_25 4.0 4.0 1.10 4.0 4.0 1.29 4.0 4.0 0.45 4.0 4.0 0.31 4.0 4.0 0.31 4.0 4.0 0.31 NP-m
44 myciel6 4.0 7.0 tl 4.0 7.0 tl 6.0 7.0 tl 6.0 7.0 tl 6.0 7.0 tl 5.0 7.0 tl NP-m
45 myciel7 3.0 8.0 tl 3.0 8.0 tl 5.0 8.0 tl 5.0 8.0 tl 5.0 8.0 tl 5.0 8.0 tl NP-?
46 qg.order40 - - tl - - tl 40.0 45.0 tl 40.0 40.0 534.83 40.0 46.0 tl 40.0 46.0 tl NP-m
47 qg.order60 - - tl - - tl - - tl - - tl -∞ 68.0 tl -∞ 68.0 tl NP-?
48 queen10_10 10.0 12.0 tl 10.0 12.0 tl 10.0 12.0 tl 10.0 12.0 tl 10.0 12.0 tl 10.0 12.0 tl NP-h
49 queen11_11 11.0 13.0 tl 11.0 13.0 tl 11.0 13.0 tl 11.0 13.0 tl 11.0 13.0 tl 11.0 13.0 tl NP-h
50 queen12_12 12.0 14.0 tl 12.0 15.0 tl 12.0 15.0 tl 12.0 15.0 tl 12.0 15.0 tl 12.0 14.0 tl NP-h
51 queen13_13 13.0 16.0 tl 13.0 15.0 tl 13.0 16.0 tl 13.0 16.0 tl 13.0 15.0 tl 13.0 16.0 tl NP-h
52 queen14_14 14.0 18.0 tl 14.0 17.0 tl 14.0 17.0 tl 14.0 17.0 tl 14.0 17.0 tl 14.0 17.0 tl NP-h
53 queen15_15 15.0 20.0 tl 15.0 20.0 tl 15.0 19.0 tl 15.0 18.0 tl 15.0 18.0 tl 15.0 18.0 tl NP-h
54 queen16_16 16.0 21.0 tl 16.0 21.0 tl 16.0 20.0 tl 16.0 19.0 tl 16.0 19.0 tl 16.0 19.0 tl -
55 school1_nsh 14.0 14.0 981.45 -∞ 58.0 tl 14.0 14.0 22.39 14.0 14.0 12.76 14.0 14.0 28.22 14.0 14.0 31.23 NP-m
56 wap05a - - tl - - tl - - tl 50.0 50.0 1308.37 - - tl 50.0 50.0 125.45 NP-m

solved: 13 12 19 25 21 22

Tabelle 0.1: Results of the ILP models for the DIMACS benchmark set. The table shows the number of
seconds needed to compute the provable optimal solution. If the time limit is reached (tl), the table shows
the found lower and upper bound provided by the solver. The last column shows if the instance could
be solved within seconds, minutes or hours according to the Google benchmark website https://sites.
google.com/site/graphcoloring/vertex-coloring. NP-? denotes the previously unsolved instances
according to the Google benchmark website.

https://sites.google.com/site/graphcoloring/vertex-coloring
https://sites.google.com/site/graphcoloring/vertex-coloring
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0.2 Result for 340 random instances:
Since ASS+(c) was better than ASS+(e) for DIMACS benchmark set, we ignored here the latter and considered
only the algorithms REP, REP(=), POP, POP2, ASS+(c).

Result for random benchmark set set70:

G(n,p) REP REP(=) POP POP2 ASS+(c)
G(70,10) 0 0 0 0 0
G(70,30) 18 20 0 2 4
G(70,50) 15 15 16 13 15
G(70,70) 0 0 20 4 2
G(70,90) 0 0 2 0 0

Tabelle 0.2: Number of unsolved instances for each class G(n, p) within time limit 3600 seconds. Each class
includes 20 instances.)

G(n,p) REP REP(=) POP POP2 ASS+(c)
G(70,10) 4.585 4.62 0.11 0.0935 0.3385
G(70,30) 3344.3565 3600.0185 350.386 667.46 1325.716
G(70,50) 3101.929 3054.3345 3332.751 2915.714 2979.169
G(70,70) 32.182 37.755 3600.0285 1200.2015 880.026
G(70,90) 0.015 0.0185 410.3135 9.3455 6.9605

Tabelle 0.3: Average runtime in seconds for each class (Time limit 3600 seconds)

Result for random benchmark set sparce240:

G(n,p) REP REP(=) POP POP2 ASS+(c)
G(80,10) 2 2 0 0 0
G(90,10) 3 2 0 0 0
G(100,10) 0 0 0 0 0
G(80,15) 1 2 0 0 0
G(90,15) 17 16 0 0 2
G(100,15) 16 16 0 0 3
G(80,20) 10 7 0 0 3
G(90,20) 20 20 0 1 9
G(100,20) 20 20 7 6 12
G(80,25) 19 19 4 3 7
G(90,25) 20 20 14 13 17
G(100,25) 20 20 17 19 20

Tabelle 0.4: Number of unsolved instances for each class G(n, p) within time limit 3600 seconds. Each class
includes 20 instances.)

G(n,p) REP REP(=) POP POP2 ASS+(c)
G(80,10) 385.7225 379.047 0.468 0.454 1.406
G(90,10) 545.9405 550.7185 1.285 1.3785 4.0755
G(100,10) 47.859 67.509 1.7575 2.0775 3.8085
G(80,15) 455.108 603.8695 5.9465 7.057 13.042
G(90,15) 3064.477 3024.8405 18.63 44.972 661.0935
G(100,15) 3017.5925 2994.4485 18.828 94.241 666.935
G(80,20) 2342.935 2211.1645 47.958 229.2125 607.621
G(90,20) 3600.0405 3600.0565 463.6615 480.59 2327.5215
G(100,20) 3600.0105 3600.0115 1937.044 1419.6395 2584.5135
G(80,25) 3423.326 3441.283 1169.784 1014.539 1896.205
G(90,25) 3600.027 3600.106 3010.6135 2786.6435 3337.0295
G(100,25) 3600.0095 3600.119 3328.4675 3538.493 3600.0585

Tabelle 0.5: Average runtime in seconds for each class (Time limit 3600 seconds)
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